Abstract. Let Q n ⊂ P n+1 , n ≥ 2, be an n-dimensional smooth quadric hypersurface. Fix P ∈ Q n . Set G n := Aut(Q n ) and G n (P ) := {f ∈: f (P ) = P }. We first study low dimensional linear subspaces of H 0 (P n+1 , O P n+1 (k)). Then we study the zero-dimensional schemes Z ⊂ Q n such that f (Z) = Z for all f ∈ G n (P ) and length(Z) is small.
Introduction
We work over an algebraically closed field K. Let Q n ⊂ P n+1 , n ≥ 2, be an n-dimensional smooth quadric hypersurface. Set G n := Aut(Q n ). We first study low dimensional G n -invariant linear subspaces of H 0 (P n+1 , O P n+1 (k)) and prove the following result. For a similar result taking Aut(P n+1 ) instead of G n , see [1] , Th. 1. Then we look at another problem. Fix P ∈ Q n and set G n (P ) := {f ∈ G n : f (P ) = P }.
n+1 be the hyperplane tangent to Q n at P . Hence Q n ∩ H P is a quadric cone with P as its only singular point. For any integer m > 0 let (m, n)P denote the (m − 1)-th infinitesimal neighborhhod of P in Q n , i.e. the closed subscheme of Q n with I P m as its ideal sheaf. Hence ((m, n)P ) red = {P } and length((m, n)P ) = n+m−1 n . (m, n)P is called a fat point of Q n with multiplicity m. Now assume p := char(K) > 0, and fix a p-power q and any P ∈ Q n . Let [q, n]P denote the closed subscheme of Q n whose ideal is generated by all L q , where L is a any germ in the maximal ideal m Qn,P of the
P is defined by the vanishing of the q-powers of any minimal system of generators z 1 , . . . , z n . We get that [q, n]P is defined by the monomial equations z i q = 0, 1 ≤ i ≤ q. Thus length([q, n]P ) = q n . We will say that [q, n]P is a p-fat point of Q n with multiplicity q. Let (m, n, +)P denote the (m−1)-th infinitesimal neighborhood of P in Q n ∩H P . Notice that (2, n, +)P = (2, n)P and that (m, n, +)P (m, n)P for all m ≥ 3. Take homogeneous coordinates x 0 , . . . , x n of H P such that P = (1; 0; . . . ; 0) and set [q] is a well-defined zero-dimensional G n (P )-invariant scheme. Then we may use again finite intersections and finite unions. Since it seems hopeless the attempt to list all G n (P )-invariants zero-dimensional subschemes of G n , here we study the ones with small length. We will first prove the following result. Proof. The case char(K) = 2 is classical. For lack of a suitable reference we will do the case char(K) = 2. We use induction on n. First assume n = 0. Q 0 are 2 distinct points of P 1 , while G 0 0 is the subgroup of Aut(P 1 ) formed by the projective transformations fixed each of the points of Q 0 . Since Aut(P 1 ) is 3-transitive, the case n = 0 is true. Now assume n = 1 and fix P, P ∈ P 2 \(Q 1 ∪ {O}) such that P = P . Hence the lines B := {O, P } and B := {O, P } intersect Q 1 in two diffrent points, E, E . There is g ∈ G 1 such that g(E ) = E. Hence the points =, P, g(P ) are collinear. We just proved that P and g(P ) are in the same G 1 -orbit, concluding the proof in the case n = 1. Now assume n ≥ 2 and that the result is true for the integer n := n − 2. First assume n odd. we choose homogeneous coordinates z, x 1 , . . . , x n , y 1 , . . . , y n such that
where V is the codimension 2 linear space x n = y n = 0. Let G n,V be the stabilizer of V in G n . The natural map G n,V → G n−1 is surjective. Hence by the inductive assumption all point of V \(V ∩ Q n ∪ {O}) are in the same G n -orbit. Instead of V we may take any codimension 2 linear subspace V such that V ∩ Q n is smooth. Fix P, P ∈ P n+1 \(Q n ∪ {O}) such that P = P . Since n ≥ 3, there is such a linear subspace V with {P, P } ⊂ V if and only if O / ∈ D := {P, P } . Now assume O ∈ D. We conclude as in the case n = 1. The case " n even " is very similar and omitted.
Proof of Theorem 1. In both parts (a) and (b) the " if " parts are obvious. Now we check the " only if " parts. Let B be the base locus of the linear system |V |. Hence B is a proper G n -invariant closed subset of P n+1 . Since s ≤ n + 1, B = ∅. First assume either char(K) = 2 or n is even. Lemma 1 shows that B = Q n . Hence u divides every f ∈ V . Thus k ≥ 2. If k = 2, then we get V = Ku. Now assume k ≥ 3 and set V :
). Inductively we get part (a). Now assume char(K) = 2 and n odd. Either B = Q n or B = O or B = Q n ∪ {O}. If Q n ⊆ B, then we get that every f ∈ V is divisible by u. Hence after finitely many steps we conclude, unless at one step we arrive to a case, say for the integer m, in which O is the base locus. Notice that s = n + 1, because the base locus is finite and s ≤ n + 1. We need to prove the existence of an integer e ≥ 0 such that V is formed by all 2 e -power of the linear forms vanishing on 0. First assume n = 1. Since Q 1 ∼ = P 1 , G 1 is the full automorphism group of P 1 , and dim(|V |) = 1, we easily get (as in [1] ) the existence of an integer e ≥ 0 such that the trace of |V | is formed by the set of all divisors 2 e+1 Q, Q ∈ Q 1 . In particular any divisor E ∈ |V | corresponds to a unique point Q E ∈ Q 1 . Thus the action of G 1 on |V | ∼ = P 1 is 3-transitive. Thus (as in [1] ) we see that each element of |V | is a 2 f power of a linear form, f ≥ 0. For degree reasons we have f = e. Taking 2-dimensional linear sections we also get the case n ≥ 3, n odd.
Proof of Proposition 1. Let A be the set of all lines D ⊂ H P such that P ∈ D. G n (P ) acts on A and this action has exactly two orbits: an open orbit formed by the lines not contained in Q n and a closed codimension one orbit formed by the lines through P and contained in the quadric cone Q n ∩ H P . If n = 2, then the latter orbit is the union of two orbits for the action of G Remark 3. The action of G n (P ) on S 1 (z 1 , . . . , z n )\{0} has two orbits, the one corresponding to the hyperplanes not tangent to the quadric q(z 1 , . . . , z n ) and the one corresponding to the hyperplanes tangent to the quadric {q(z 1 , . . . , z n ) = 0}. The latter hyperplanes pass through a common point (called the strange point of the quadric {q(z 1 , . . . , z n ) = 0}) if and only if char(K) = 2 and n is even.
